There are noninjective maps from surface groups to limit groups that don't kill any simple closed curves. As a corollary, there are noninjective all-loxodromic representations of surface groups to SL(2, C) that don't kill any simple closed curves, answering a question of Minsky. There are also examples, for any k, of noninjective all-loxodromic representations of surface groups killing no curves with self intersection number at most k.
Introduction
The simple loop conjecture says that non-injective maps from closed orientable surface groups to three manifold groups kill simple closed curves. A related question, due to Minsky and motivated by the case of a hyperbolic three-manifold, is whether or not the same holds for maps to SL(2, C). We give examples in all genera showing that this conjecture is false.
Question 1 (Delzant). Does the simple loop conjecture hold for limit groups?
A negative answer implies a negative answer to Minsky's question since limit groups have faithful representations in SL(2, C). Jason Manning and Daryl Cooper have constructed, using different methods, examples of nonfaithful representations of surface groups which kill no simple closed curves, but whose images contain parabolic elements [CF11] .
Let Γ be a torsion free (toral relatively) hyperbolic group. A finitely generated group G is fully residually Γ, or a Γ-limit group, if, for each finite S ⊂ G, there is a homomorphism f : G → Γ embedding S. An F-limit group is simply a limit group.
Definition 1 (Intersection number/Pinching). Let S be a surface, and c a free homotopy class of curves on S. The self intersection number of c is the minimal number of points of self intersection of curves without triple points in the homotopy class c. We call a free homotopy class of curves c k-simple if its self-intersection number is at most k. We say simple rather than 0-simple.
Let S be a surface, possibly with boundary. A continuous map S → X is k-pinching if the image of a k-simple curve is homotopically trivial in X. A map S → X is non-k-pinching if it is not k-pinching. The same terms will be used for homomorphisms of surface groups. We write pinching rather than 0-pinching.
Theorem 2. The following hold:
• Given k and a compact orientable surface S of genus at least two, then there is a nonfaithful, non-k-pinching, all-loxodromic representation π 1 (S) → SL(2, C).
• If S is a compact orientable surface of genus at least three then there is a limit group L and a non-k-pinching noninjective map π 1 (S) → L.
• Let M be the figure-eight knot complement. If S is the compact orientable surface of genus two then there is a π 1 (M )-limit group L and a noninjective non-k-pinching map π 1 (S) → L.
Corollary 3. The property of admitting only k-pinching noninjective maps of surfaces is not closed under elementary equivalence.
Sela characterizes the finitely generated groups elementarily equivalent to a free group F as hyperbolic towers over F. Some of the examples of limit groups constructed to prove the second bullet of Theorem 2 are towers over a free group and admit non-k-pinching maps of closed surfaces. On the other hand, every (noninjective!) map from a closed surface to a free group kills a simple closed curve.
tree T with b i acting elliptically. If the action is faithful then the sequence of homomorphisms may be shortened by elements of Mod(S). If the action is not faithful then L, the quotient of π 1 (S) by the kernel of the action on T , is a limit group which splits over a cyclic (or trivial) group relative to the images of the b i . This splitting cannot be an HNN extension since b i generate in homology, and it can't be an amalgamated product since the only non-free limit groups of rank three splitting as amalgamated products are either L = Z 2 * Z or L = F 2 * Z Z 2 . In the former case if b i are elliptic then they have, in pairs, conjugate centralizers, and in the latter they fail to generate in homology: each boundary component has image conjugate into F 2 .
We assume that f n is shortest in its Mod(S) equivalence class. There are only finitely many k-simple closed curves up to the action of Mod(S), hence if f n is eventually k-pinching then we may assume that each f n kills some fixed element g ∈ π 1 (S). Pass to a subsequence, also denoted f n , converging to a limit quotient L of π 1 (S), that is, f n = f n • π, where π :
The sequence f n converges to an action of L on a real tree T , and we use the Rips machine to analyze the action of b i on T . Let X be a finite simplicial complex with fundamental group L with the property that for each i the conjugacy class of b i is represented by a reduced edge path p i in the one skeleton, and such that p i and p j have disjoint images for i = j. LetX → T be a resolving map as in [BF95, Proposition 5.3], however choose the map to send each lift of p i homeomorphically to the axis of the appropriate conjugate of b i if b i acts hyperbolically, and to a point if b i acts elliptically, in T .
Then X has the structure of a band complex [BF95, Definition 5.1] with transverse measure µ. Let Y ⊂ X be the union of bands associated to X. Each p i may be written as a composition of paths v 0 h 0 · · · v k−1 h k−1 , where each h j is a horizontal path in Y , µ(v j ) = 0, the translation length of b i in T is µ(h 1 ) + · · · + µ(h k ), each lift of h j inX is embedded in T under the resolving map, and for every lift of h j v j+1 h j+1 the resolving map sends the lifts of h j and h j+1 to arcs intersecting in a point. We call such a path immersive. If p is an immersive path and X and X ′ differ by Rips moves then the associated path p ′ in X ′ is immersive as well. The output of running the Rips machine on X is a band complex, which we also call X, such that each minimal component of X is either toral, thin, or surface type. We leave the following claim to the reader as an exercise in Gromov-Hausdorff convergence: Let f n : L → F be a sequence of homomorphisms converging to L, and suppose p is an immersive edge path in the band complex X associated to the action of L on the limiting tree T . If p meets (has positive measure in) a minimal component of Y , or if p meets a simplicial component with nontrivial fundamental group, then o(f n (b)) > ǫ > 0 for some fixed ǫ.
For every nontrivial limit group quotient of π 1 (S), no thin-type components appear in the union of bands associated to the limiting action on on T . If Y contains a surface type component then L is free of rank two, and each p i Suppose all b i are hyperbolic in T . Let m be a point in the interior of Y , and represent the map π 1 (S) → L by a continuous map g : S → X extending the maps p i on boundary components. The map g may be chosen so that g −1 (m) consists of at most two arcs connecting distinct pairs of boundary components of S, and induces a measured foliation Λ on S. The complement of these two arcs is homotopy equivalent to a circle, but there are no maps Z ։ Z 2 . Thus we may assume that X is a graph with fundamental group free of rank two, and we may assume further that no edge not contained in Y is embedded.
If X is a barbell graph then the middle edge must be an component of Y . Each b i crosses each edge of Y at most one time, hence each b i is contained in one of two embedded subgraphs, each of which is a circle, again contradicting the condition that the b i have pairwise nonconjugate centralizers. Thus X is either a theta graph or a rose. There are four distinct closed embedded (except at vertices) paths in a rose, and none of their (signed) sums in homology are zero, ruling this case out as well. The theta graph has only three distinct embedded paths, hence the only possibility is that X is a rose and Y is one of the loops. We argue in this case that f n was eventually not surjective.
Suppose some b i acts elliptically in T . Then b i is sent to a path in X which misses Y , and since each b i crosses Y at most one time, and since there are only four boundary components, some other b j , j = i, is also elliptic in T , contradicting the hypothesis that f n (b i ) have nonconjugate centralizers. Thus every b i crosses Y exactly once. We may then arrange, after relabeling and conjugating, that b 1 b 2 and b 3 b 4 are equal, elliptic in T , and that
n , and v n u n , and |u p+q n |/|v n | → 0. It is easy to check that such a homomorphism is surjective only if (without loss of generality) u n = a and v n = b, but then either f n and f m are conjugate for large n and m or b 1 b 2 is not elliptic in T .
Example 6 (α maps). Identify the fundamental group of a four-times punctured sphere with F 3 in such a way that x y and z are three boundary components, and xyz is the fourth. Let f n be the map x → a, y → b, z → aba 2 ba 3 · · · ba n b. Then f n clearly satisfies the hypothesis of the theorem since there is no cancellation in the word
Lemma 7. Let M be the figure-eight knot complement. There is a sequence of noninjective representations f n : a, b ։ π 1 (M ) such that
• f n (a), f n (b) and f n (ab) are all nontrivial, nonconjugate, and indivisible in π 1 (M ).
• f n is eventually non-k-pinching for any k.
The proof is like Lemma 5: The modular group of a surface is much smaller than the automorphism group of the underlying free group. Proof. Let M be the figure-eight knot complement, and let x and y be the standard generators for the fundamental group illustrated in Figure 1 . For sufficiently large n the words f n (a) = x(yx −1 ) n , f n (b) = yx −1 and f n (ab) = x(yx −1 ) n+1 are nonconjugate, and indivisible in π 1 (M ). Suppose that f n is k-pinching for some fixed k. Since the modular group of a pair of pants is trivial we may assume that for all n f n kills some fixed nontrivial element g.
Since M is toral relatively hyperbolic f n converges to a nontrivial stable action of a, b on a real tree T , with g in the kernel of this action (See [Gro09] .). Let L be the (proper) quotient of a, b by the kernel of the action on T . Then L is a freely indecomposable limit group over π 1 (M ). Furthermore, L splits as an amalgam L = A * B C or A * B over an abelian subgroup B with b conjugate into A or C, with B not finite index in A or C. Two generator groups don't split as essential amalgams over abelian edge groups, therefore the splitting is an HNN extension. By Dunwoody folding sequences there is an intermediate group L ′ such that splits as A ′ * B ′ with A ′ = b, b t , where t is the stable letter of the HNN extension, and such that A ′ → π 1 (M ) is not injective. This is impossible, however, since f n (b) and f n (b) t are distinct conjugates of an element of the fiber subgroup of π 1 (M ), and therefore generate a free group of rank two. Thus L is free of rank two, contradicting the Hopf property for finitely generated free groups. There are other variations on this theme.
Lemma 8. Let G be a torsion free hyperbolic group and suppose that G admits a noninjective map of F 2 = a, b with nonabelian image. There is a noninjective sequence of homomorphisms f n : F 2 → G such that f n (a), f n (b), and f n (ab) are nontrivial, nonconjugate, indivisible, and such that f n is eventually non-kpinching, regarding F 2 as the fundamental group of a pair of pants with boundary components represented by a, b, and ab.
Proof. Let f : x, y → G be a noninjective map of F 2 in G. Let ϕ n be a sequence of automorphisms of F 2 fixing [x, y] such that f ϕ n is a test sequence [Sel03]. Regard F 2 as the fundamental group of a pair of pants. Then f n = f ϕ n | is always noninjective and is eventually non-k-pinching for any k.
Question 2. Let S be a surface with boundary and Γ a hyperbolic group. Consider π : S → Γ and a sequence of automorphisms ϕ n of π 1 (S) such that πϕ n converges to π 1 (S). Then πϕ n should be eventually non-k-pinching for any k if π embeds all subsurfaces S ′ such that ϕ n stays in a finite set of cosets (up to conjugacy) of Stab(π 1 (S ′ )) < Aut(π 1 (S)).
Surfaces without boundary
Non-pinching maps Let X be a space, and let
Theorem ([Hem90]). Let S be an orientable surface. If g ∈ π 1 (S) is not representable by a simple closed curve then g contains no simple closed curves. If g contains a simple closed curve then g is a nonseparating simple closed curve, and any simple closed curve in g is the boundary of a one-handle containing a simple representative of g in S.
We call a space X a graph of surfaces if there are spaces X 1 , . . . , X n , compact surfaces with boundary Σ 1 , . . . , Σ m , either with Euler characteristic at most −2 or homeomorphic to a torus with one boundary component, and annuli A 1 , . . . , A l , such that X = (⊔X i , Σ j , A k )/ ∼, where ∼ is the equivalence relation generated by a map ⊔∂Σ j , ∂A k → ⊔X i with the property that each boundary component is mapped to a non-nullhomotopic loop in ⊔X i , and such that if c is a boundary component of an annulus A then the image of c in ⊔X i is maximal abelian in the group obtained by omitting the annulus A Let L and L ′ be (Γ-)limit groups. If π : L → L ′ has the property that for every finite subset S of L there is a homomorphism f : L ′ → F and an automorphism ϕ of L such that f πϕ embeds S then we say that π is strict.
Theorem 9 ([Sel01]).
If X is a graph of surfaces and π 1 (Y ) is a Γ-limit group then π 1 (X) is a Γ-limit group if there is a map X → Y embedding fundamental groups of X i 's and sending each π 1 (Σ j ) to a nonabelian subgroup of π 1 (Y ).
If n = 1, there are no annuli, and there is a strict retraction X → X 1 then X is a hyperbolic floor over
is a torsion free hyperbolic group and Y i is a hyperbolic floor over Y i−1 then X is a hyperbolic tower over Y .
Theorem 10 ([Sel06, Sel09]).
If X is a hyperbolic tower over Y and π 1 (Y ) is a torsion free hyperbolic group then π 1 (X) and π 1 (Y ) are elementarily equivalent.
Example 11. Let S be a closed orientable surface of genus g ≥ 4 and let P and P ′ be two pairs of pants in S, each having three complementary components, such that P ∩P ′ is a nonseparating simple closed curve c. Let f (′) : P (′) → S 1 be a map sending c to 2 and each other boundary component to 1. Then the map S → S/f is not pinching, by Hempel's theorem, since the kernel is normally generated by a curve of self intersection number one. There is a natural map S/f → S/f ⊔f ′ . Then S/f ⊔f ′ is four (multi) handles glued along their boundary to a circle, and there is a retraction to the handle H of smallest genus. The morphisms S/f → S/f ⊔ f ′ and S/f ⊔ f ′ → H are clearly both strict, and π 1 (S/f ) is therefore a limit group.
Surfaces without boundary
Lemma 12. Let S be a compact surface with boundary and let S 0 ⊂ S be a compact deformation retract of S such that S \ S 0 is a collection of half-open annuli. If f : S 0 → Z is 4k + 4 non-pinching then no non-boundary-parallel k-simple arc α : (I, ∂I) → (S, ∂S) is homotopic rel boundary into ∂S ⊂ S/f . Proof. Let p be a basepoint in ∂S and let β be an arc self intersecting only at p, representing the component of ∂S containing p. We may assume that α is homotopic to an arc in S starting and ending at p with at most k points of self intersection other than at p. If α is homotopic rel boundary into ∂S then αβα −1 β −1 has trivial image in S/f and has self-intersection number at most 4k + 4. The following criterion will be used to show that certain morphisms of surface groups don't kill elements representable by curves of a given self-intersection number.
Lemma 14. Let S g be an orientable surface of genus at least three, and let S ′ ⊂ S be a nonseparating four-holed sphere. Let X be a graph, and suppose that f : S ′ → X has nonabelian image and doesn't kill any boundary components of S ′ . Then π 1 (S/f ) is a limit group.
Proof. It suffices to prove the lemma for S of genus three: Let S ′′ ⊂ S \ S ′ be a g − 3 handle. Let g : S ′′ → p be the map to a point. The induced map S/f → (S/f )/g is strict, and S/g is a genus three orientable surface, but (S/f )/g = (S/g)/f , identifying S ′ ⊂ S with S ′ ⊂ S/g. Now we assume that S has genus three. Let r be the reflection of S fixing ∂S ′ pointwise. Define a map h : S → X by x → r(f (x)) for x ∈ S \ S ′ , otherwise x → f (x). Then h factors through S/f and the induced map S/f → X is strict.
If f is not 4k + 4-pinching then the natural map S → S/f is non-k-pinching by Lemma 13. The second bullet of Theorem 2 now follows from Example 6. Furthermore S/f is a tower over X, and Corollary 3 holds by Theorem 10.
Lemma 15. Let S be the fundamental group of a closed oriented surface and let S ′ ⊂ S be a nonseparating pair of pants in S. Identify F 2 with the fundamental group S ′ . Form the group G n = G * S/(P = f n (P )), where f n is a sequence provided by Lemma 8. Then G n is a tower over G if χ(S) < −2. The natural map π 1 (S) → G n is noninjective and non-k-pinching for large n.
Conversely:
Theorem 16. Let S be a closed compact surface and suppose that L is a quotient of π 1 (S) with a splitting over Z. Either a simple closed curve is in the kernel of
′ is a quotient of π 1 (S) by a subgroup normally generated by an element supported on a proper subsurface of S. 
Faithful representations of limit groups
If G < H and H has a faithful representation in Γ then G clearly has a faithful representation in Γ. DeBlois and Kent show [DK06] that faithful representations are dense in Hom(π 1 (S), SL(2, K)), where K is C or R. This is generalized in [BGSS06] and corrected in [BG10] to limit groups. Philosophically these proofs are all the same: the set of representations that don't kill any particular element form a nowhere dense closed set in the space of representations. Granted, [BGSS06] and [BG10] are concerned with density of representations, the proofs are essentially the same.
Recall that an element g of SL(2, C) is loxodromic if tr(g) 2 ∈ [−2, 2] ⊂ C, and an element [g] 
The translation length g of an element g of SL(2, C) is the infimum of displacements of points in H 3 under the action of g ∈ P SL(2, C). If g > 0 then g is loxodromic and tr(g) ∈ [−2, 2] , and conversely.
The following lemma is used to show that strict homomorphisms of limit groups give rise to convergent sequences. Let g 1 , . . . , g k and a be elements of a free group F . Suppose that a and g i don't commute. Let w(n 1 , . . . , n k ) = g 1 a n1 g 2 a n2 · · · g k a n k . Then w(n 1 , . . . , n k ) = 1
Lemma 17 ([Bau62]).
for sufficiently large min{|n i |}.
The following lemma is a variation on Lemma 17. See also [GW10, Proposition 5.6] for a generalization to hyperbolic groups. This is well-known, and we give a proof only for completeness.
Lemma 18. Let g 1 , . . . , g k and a be loxodromic elements of SL(2, C). Suppose that a and g i have disjoint fixed points at infinity for all i. Let w(n 1 , . . . , n k ) = g 1 a n1 g 2 a n2 · · · g k a n k . Then
Proof. We need to show that the orbit of some p ∈ H 2 under w is close to a geodesic. Consider the sequence
If S ′ is close to a geodesic then w · p is close to a geodesic we are done.
The sequence S ′ can be broken into segments corresponding to translates of the sequences
overlapping in translates of the segments
Since the g i don't share an endpoint of an axis with a, the sets S i,m,l are λ, ǫ-quasigeodesics for some fixed λ and ǫ, as are the segments S n . In a δ-hyperbolic space H, there is some constant L so that if S is a sequence of points, such that all restrictions of S to segments of length at least L are λ, ǫ-quasigeodesics, then S is a λ ′ , ǫ ′ -quasigeodesic for some λ ′ and ǫ ′ . Then by choosing min{|n i |} sufficiently large we can guarantee that S ′ is a λ ′ , ǫ ′ -quasigeodesic in H 2 . Since quasigeodesics in a hyperbolic space are bounded Hausdorff distance from geodesics, S ′ , hence S, is within bounded distance of a geodesic. Thus w (for large n i ) fixes a geodesic γ, and since S ′ is clearly unbounded, w is loxodromic.
is open and dense in V .
Since the trace and evaluation maps are polynomials, by the open mapping theorem, either L g is empty or its complement has empty interior.
Lemma 20. Let ρ : G → SL(2, C) be a faithful all-loxodromic representation of a countable group G, and let A < G be a maximal abelian subgroup. Then
has a faithful, all-loxodromic representation ρ ′ : H → SL(2, C).
Proof. Let ρ n be the representation such that ρ n | G = ρ and ρ n (t) = ρ(a) n , for some fixed a in A. Let g ∈ H. If g is not conjugate into A ⊕ t then g can be written, up to conjugacy, as
where [t, g i ] = 1 and n i = 0. Since ρ n (t) shares an axis with a, and ρ(G) contains no parabolics, the axes of ρ n (t) and ρ n (g i ) have no endpoints in common. By Lemma 18 applied to the sequence
for sufficiently large n. If g is conjugate into A ⊕ t then g = bt k for some k and b ∈ A. Then ρ n (g) = ba k , which is likewise loxodromic for all sufficiently large n.
By passing to a subsequence we may assume that ρ n all lie in the same irreducible component V of Hom G (H, SL(2, C)). Then, in the notation of Lemma 19, H g is open and dense in V . Since G is countable, by Baire's theorem, ∩ g∈H L g = ∅.
Lemma 21. Let G be a group with a faithful all-loxodromic representation in SL(2, C). If H is a countable and fully-residually G then H has a faithful allloxodromic representation in SL(2, C).
Proof. Let f n : H → G be a sequence of homomorphisms converging to H, and let ρ : G → SL(2, C) be a faithful all-loxodromic representation of G. We may assume, by passing to a subsequence, that all ρf n are contained in the same irreducible component V of Hom(H, SL(2, C)). Given g ∈ H there is some n such that ρ(f n (g)) is loxodromic. By Lemma 19 L g is nonempty, and therefore open and dense in V . By Baire's theorem W = ∩ g∈H L g is nonempty. Any point in W is a faithful all-loxodromic representation of H.
Lemma 21 and the second bullet of Theorem 2 imply the first bullet of Theorem 2 when the genus is at least three. For genus two we vary the construction slightly.
Lemma 22. The figure-eight knot complement has a faithful all-loxodromic representation in SL(2, C).
Proof. Let M be the figure-eight knot complement. Let N k be the (1, k) Dehn filling of M . The manifolds N k are hyperbolic and each arises as the quotient of H 3 by Γ k , where Γ k is some discrete cocompact subgroup of P SL(2, C). By Thurston (see [CS83, Theorem 3.1.1]) the representation π 1 (N k ) → P SL(2, C) lifts to a representation ρ : π 1 (N k ) → SL(2, C). The groups π 1 (N k ) converge algebraically to π 1 (M ) and by Lemma 19 and Baire's theorem π 1 (M ) has a faithful all-loxodromic representation in SL(2, C).
Let f n be the sequence from Lemma 7, and let G n be the double of π 1 (M ) along the three elements f n (a), f n (b) and f n (ab). The double G n is fully residually π 1 (M ) and there is a natural map g n : π 1 (S 2 ) ։ G n induced by f n . The map g n is non-k-pinching for large n, again by Lemma 13. This proves the third bullet of Theorem 2.
Clearly G n embeds in the group obtained by extending centralizers of f n (a), f n (b) and f n (ab), and therefore has an all-loxodromic faithful representation ϕ n in SL(2, C) by Lemma 20. Then ϕ n g n is, for sufficiently large n a non-k-pinching all loxodromic representation of S 2 , which gives the first bullet of Theorem 2 in genus two.
